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An analysis  of the  t r ans i en t  heat t ransfer  between a t h i n  c i r c u l a r  tube 
I 

and the  incompressible f l u i d  moving through the  tube i s  made f o r  the case 

where the temperature of the  i n l e t  f l u i d  i s  kept constant.,Bgth r a d i a l  con- 

duction of heat i n  the w a l l  and the heat loss a t  the outer  surface of the  

cylinder a r e  taken i n t o  consideration. It i s  shown t o  be espec ia l ly  easy t o  

ca lcu la te  temperature of both f l u i d  and tube i n  the i n i t i a l  period by means 

of the at tached f igu res  . 
- _ -  

-a 

So far it i s  comon t o  use the temperature of the  w a l l  ca lculated by the  

assumption tha t  it i s  constant r ad ia l ly .  It i s  shown tha t  f o r  the  insu la ted  

tube i n  the  i n i t i a l  period such temperature i s  equal t o  the temperature of 

t he  outer  surface of the tube. The temperature of the  inner surface of the  

tube may be appreciably d i f fe ren t  from such temperature even fo r  the metall ic 

tube. 

material. 

- _  
The difference i s  extremely la rge  f o r  the tube made from insu la t ing  
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. 
specific heat at constant pressure of inner fluid, cP 

kcaL/kg deg C 

C 

d thickness of the w a l l  

heat capacity per unit volume of tube material, kcal/m3 deg C 

fl(d ,f2(q) 
N % Y ;  Z) confluent hyper-geometric function 

dimensionless functions defined by equations (24) 

kl 

K 

2 

dimensionless functions defined by equations (45a) 

dimensionless functions 

mass flow per unit area, kg/m2 hr 

non-dimensional functions defined by equations (45b) 

modified Bessel function of the first kind and of vth order 

thermal conductivity of tube material, kcal/m hr deg C 

thermal conductivity of fluid kcal/m hr deg C 

dimensionless constant, ~ / R u ,  

dimensionless cons tat, k/RU1 

dimensionless constant, pcpk/2CUoR 

modified Bessel function of the second kind and of vth order 

length of the tube, m 

dimensionless constants 

NU 

P 

P 

Pr 

dimensionless function 

dimensionless function 

Laplace transform of 6 

inverse Laplace transform of 6 

Nusselt number, 2RU0/kf, dimensionless 

variable of Laplace transform 

pressure of the inner fluid, atm 

Prandtl number, pcg/kf, dimensionless 
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r radial distance,  m 

R inner radius of the tube, m 

Re Reynolds number, 2RG/p, dimensionless 

t time , hr 

T l ( X , t )  temperature of  inner f lu id ,  deg C 

TZ(x,r , t)  temperature of tube, deg C 

T i  i n l e t  temperature of inner f lu id ,  deg C 

TS temperature of outer f l u i d ,  constant, deg C 

UO f i l m  coef f ic ien t  of heat t ransfer  between inner f l u i d  and tube 

surface, kcal/m2 hr deg C 

U1 

v 

f i l m  coef f ic ien t  of heat t ransfer  between outer f l u i d  and tube 

surface, kcal/m2 hr deg C 

veloci ty  of inner f lu id ,  m/hr 

X 

Y 

a 

a* 

A 

P 

B 

Y 

6 

6 
- 
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axial distance,  m 

f i  
dimensionless constant, (1 + a)ul/Uo 

div&ensiodess constant, (M/N) - 1 
dimensiodess constant, a(l + a)  

dimensionless constant, a* + 1 

dimensionless constant, A + 1 

dimensionless function hefined by equation (14) 

(T2 - T s ) / ( T i  - Ts), dimensionless 

Lb) 

LE, dimensionless 

2LUo 2 /RGcP, dimensionless 

r /R, dime ns ionle s s 17 
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;i* 2Uot/a(2 + a)CR,  dimensionless 

e ( T 1  - T s ) / ( T i  - Ts), dimensionless 

K dimensionless constant defined where u t i l i z e d  

S 

v i scos i ty  of the inner  f lu id ,  kg/m h r  

2Uox/RGcp , dimensionless 

densi ty  of inner  f lu id ,  &/a3 

Nq, dimensionless 

Fourier number, kt  /CR2, dimensionless 

defined by equation (l7), dimensionless 

e 1,(2 f i), dimensionless 

e -'-v 1,(2 m), dimensionless 

-(-T 

Subscript 

steady 

INTRODUCTION 
. .  

For any in te rmi t ten t  or blowdown hypersonic wind tunnel it i s  required t o  

Thus, a i r  e s t a b l i s h  an air  flow a t  elevated values of stagnation temperature. 

i s  preheated i n  a heater  and l e d  t o  the tes t  sect ion through a s e t t l i n g  chamber 

and nozzle.  For the  design of such components of t he  wind tunnel it i s  

required t o  determine the  t r ans i en t  temperature of the  w a l l  of each component 

as well as the temperature of a i r .  This problem may be reduced t o  determine 

the t r a n s i e n t  heat t r ans fe r  between a circular tube and the  incompressible 

f l u i d  flowing through the tube, s ince the main flow f i e l d  is subsonic and the  

e f f e c t  of conpress ib i l i ty  can be neglected. 



Such a problem has been t r ea t ed  already by several  inves t iga tors .  Rizika[l] '  

calculated the t rans ien t  temperature of f l u i d  taking i n t o  account the heat l o s s  

a t  the outer  surface of the  . tube.  

the analysis  of the temperature h is tory  of t he  w a l l .  

H i s  r e su l t  is  inaccurate and does not contain 

JuddL21 calculated t ran-  

s i e n t  temperature of both f l u i d  and w a l l  f o r  the insulated tube. We extended 

Judd's calculat ion so t h a t  the e f f e c t  of heat loss a t  the outer  surface of the  

tube w a s  included[3]. I n  these treatments it w a s  assumed t h a t  the  temperature 

of the w a l l  i s  constant rad ia l ly .  The use of such an assumption m y  be j u s t i -  

f i e d  i f  t h e  thermal conductivity of the  material of tube i s  la rge .  

-.--< 

Indeed, 

t h i s  w a s  v e r i f i e d  experimentally by Judd f o r  a copper tube. . 
For the high temperature and/or high pressure appl icat ion such as a hyper- 

- 
sonic wind tunnel, however, we are  forced t o  use such material as stainless 

s t e e l  or ceramics. For these materials t h e r m 1  conductivity ?s smaller and 

the  v a l i d i t y  of the  assumption i s  doubtful. Therefore such an assumption i s  

replaced by a more plausible  assumption of the  t h i n  w a l l  i n  t h i s  paper. 

ANALYSIS 

. 
The following assumptions a re  imposed on the solution: 

1. The temperature'of inner f l u i d  i s  function of t i m e  and axial distance 

from the in le t  only. 

2. The temperature of tube i s  function of t i m e ,  axial distance f r o m t h e  

inlet ,  and r a d i a l  distance from the  axis.  

3. The temperature of outer f l u i d  i s  constant. 

4. The e f f e c t  of thermdl conduction i s  negl igible  i n  the axial direct ion.  

5. The ve loc i ty  of inner f l u i d  i s  axial ,  constant, and uniform. 

6. Both the  inner and the outer r a d i i  of the tube are constant, and the  

r a t i o  of t h e  difference betweenthese r a d i i t o  the  inner radius  is  small. 

'Numbers i n  brackets designate references a t  end of paper. 
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7.  Nater ia l  constants do not depend upon temperature. 

8. There are no energy sources within the tube material i t se l f .  

9. The f i l m  coef f ic ien ts  of  heat t ransfer  between the  f l u i d  and tube are 

uniform and constant over the inner and outer tube surfaces f o r  a constant 

f l u i d  mss f l o w  r a t e .  

10. The e f f e c t  of rad ia t ion  i s  negligible.  

11. The r a t i o  of the  thermal capacity per u n i t  volume of a i r  t o  t h a t  of 

tube mater ia l  i s  negligible.  

Consider the system shown i n  Fig. 1. Let an incompressible f l u i d  be flow- 

ing i n  a c i rcu lar  pipe with a flow rate 

the  axial. distance x from the  i n l e t  and a t  time t i s  T l (x , t ) .  The tempera- 

G; the temperature of t h i s  f l u i d  a t  

t u r e  of t he  c i rcu lar  pipe i s  T2(x,r , t ) ,  where r i s  the  r a d i a l  distance from 

the  axis. 

and equal. t o  T,. 

The temperature of t he  f l u i d  outside the pipe i s  assumed constant 
* 

Equating the sum of the thermal energy crossing the boundary of an e l e -  

mental sect ion of f l u i d  gives 

Similarly,  f o r  an elemental sect ion of the w a l l ,  one obtains 

Now w e  can neglect the  t h i r d  terms on the left-hand s ides  of equations (1) 

and (2)  by assumption 4. Adopting the nondimensional variables,  these equa- 

t i ons  a re  reduced t o  
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where 

7 

Since k/(2UoR) = 0(1), K i s  negligible by assumption 11. Therefore 

equation (3) reduces t o  

Equations (4)  and (5) a re  fundamntal. equations fo r  t h i s  analysis .  
-.- _- I n i t i a l  conditions are given by 

Boundary conditions are 
e ( o , d  = 1 

A f t e r  the following Laplace transformations 

and using equation ( 6 ) ,  equation (4)  i s  reduced t o  

The general  solut ion of t h i s  equation i s  given by '  
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where a = &, and gl, and g2 are dimensionless functions t o  be determined 

l a t e r .  Using t h i s  equation, equation ( 5 )  i s  reduced t o  

.- 

Boundary conditions, equations (7) ,  are 

Subs t i tu t ing  equation (8) in to  equation 

transformed t o  

-1 P ,  

( ~ o c )  gives 

Using equations (8) and (ll), equation (lob) reduces t o  

Put t ing  these expressions for gl and g2 i n t o  equation (9) gives 

as - 
a5 = - 70, 

where 

The so lu t ion  of equation (l3), sa t i s fy ing  the  boundary condition ( loa) ,  i s  

. 
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Subs t i tu t ing  equations (U) and (12) into equation (8) gives 

~ 

9 

where 

In general  it i s  not easy t o  ge t  the inverse Laplace transformations of 
-6 

equations (15) and (16). Therefore we r e s t r i c t  our considerations to the  cases 

where the w a l l  of t he  tube i s  t h i n  and the r a t i o  of the thickness of the w a l l  

t o  inner  radius  of the tube i s  far less than unlty: 

1 

a << 1. Since P = (1+ a)a, 

one has 

n= o 

n=o 

Subs t i tu t ing  these expressions i n t o  equations (14) gives 

7 = L(.- 5) 
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where 

2 & + 2 k + 2 ( 1 -  k l ) a -  (1 - 2 k l ) a 2  
&a[2kl+ ((k&f + 1 - k l ) a l  

M =  

2 
(2k1 + (1 - k l )a}a  

N = M -  

n u s  equation (15) i s  rewr i t ten  as 

Now one has 

whose der ivat ion i s  given i n  appendix. Therefore one obtains ._ .  

Combining the equations (16) and (18) together  w i t h  the following equations 

where the terms of O(a3) are a l so  neglected gives 

where 

Now one has 
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x'riose der ivat ion i s  a l so  given i n  appendix. Therefore the inverse Laplace 

transformation of equation (23) is  obtained as 

Using 5 = LE, T = Ncp, A = (M/N) - 1, B = A + 1 = M/N, equations (22) and (26) 

respectively,  where 

Since f l ( 1 )  = 1 - L, f l ( 1  + a) = 0 and B f 2 ( 1 )  = L, one obtains 

7 
S ( [ , l , T )  = (1 - L)e'ATY([,T) -k ( B  + L - B L ) l  e'ATy(c,T)dT 

S ( 5 , l  + a , T )  = B f 2 ( 1  + a)  e-ATY(l,T)dT J,' 
where 

2kl(l - a 4 a2) 

2 b  + 2a - a2 + 2k l ( l  - a + a2) 
f2(1 + a) = 

Equations ( 3 0 )  and (31) give the  temperature of inner and outer surface of the  

tube w a l l ,  respectively.  Moreover one ge ts  

8(o,V,T) = f i ( V )  -k fz(V)(l  - e-BT) (33) 

which gives the temperature d is t r ibu t ion  i n  the  tube w a l l  a t  entrance sect ion.  

DISCUSSION 

F i r s t  it w i l l  be shown that the  solutions obtained i n  the  previous sec t ion  

tend t o  the  steady solut ions when T tends t o  i n f i n i t y .  Here the  steady solu- 

t i o n s  are the  solut ions of the  equations (4)  and ( 5 )  where 

vanish: 

as/% i s  assuned t o  
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where 

Neglecting the  terms of O(a3)  and considering 0 5 7 - 1 < a << 1 give - 
2kos K( = 

2% + 2kl + 2 ( 1  - k l ) a  - (1 - 2k1)a2 

and 

Thus one ge t s  

and 

NOW tending T t o  i n f i n i t y  i n  equation (27) gives 

Since 

where y = 2 a' and b" = B/45, and 

[see reference 3 ,  equation (35)], t h i s  equation i s  reduced t o  



I n  a similar manner, from equation ( 2 8 ) ,  one obtains  
I ?  

Comparing the  equations (36) and (37) w i t h  equations (38) and ( 3 9 ) )  it i s  clear 

t h a t  the  present solut ions tend t o  the  steady so lu t ions  when T tends t o  

i n f i n i t y  . 
Next it w i l l  be shown that the present solut ions tend t o  the so lu t ions  

obtained by assuming tha t  k = m[3 ]  when k tends t o  i n f i n i t y .  When k 
w 

tends t o  i l l f i n i ty  one obtains  

A = a* 
-4 

2U0t .., = v* (1 - a + a2)2u0t 
- 

T =  a(2  - a ) C R  a (2  + a ) C R  

B f A d  = 1 
. 

where * denotes the symbol used i n  reference 3. Thus it i s  proved that the 

present solut ions coincide with the previous results [equations (25) and (26) 

where Y* = e-E-7*Io(2&*), t o  the order of a. 
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INITIAL SOLUTION-S 

Solutions for AT << 1 w i l l  be cdLled as " i n i t i a l  solutions' '  i n  th i s  paper. 

I n  the  previous repor t  [3] it was shown that F1 and G1 are temperature 

of inner f l u i d  and of tube wall, respectively,  assuming that  the l a t te r  i s  

constant r a d i a l l y  and tha t  there  is  no heat l o s s  a t  the outer  surface of t he  tube. 

21f T < 1, it i s  easily shown t h a t  A2G2(C,-r) = O(A2~2) , so that  terms 

proport ional  t o  .A2G,( 5 , ~ )  can be eliminated from these equations. 



4 

Graphs of the functions F1, F2, GI, and G2 have been published i n  t h a t  

repor t  and presented here a l so  (as Figs .  2 (a )  through 2 (h ) )  f o r  t he  reader ’s  

convenience. 

these f igu res  . 
Each term of the  solutions can be e a s i l y  calculated by means of 

If there  i s  no heat l o s s  a t  the outer surface of the t h i n  tube, one 

3 obtains  U1 = 0 and kl = 03, so t h a t  A = 0, f2(1 + a)  = 1 and 

--._/ 
Therefore temperatures of inner  f l u i d  and of outer  surface of w a l l  of insu la ted  

t h i n  tube are equal t o  those of inner  f l u i d  and of tube w a l l ,  respect ively,  

which are calculated by the assumption of r a d i a l l y  constant w a l l  temperature. 

Temperature of inner surface of w a l l  of insu la ted  t h i n  tube i s  given by t h e - .  

l i n e a r  combination of these temperatures: - 
where L i s  given by equation (46). 

The f i r s t  order e f f e c t  of heat  loss  a t  the  outer  surface of the w a l l  

might be e a s i l y  taken i n t o  consideration f o r  many cases of p r a c t i c a l  importance. 

For t h i s  purpose, equation (42) i s  rewri t ten as 

31t follows t h a t  each f irst  term of  equations (41) through (44) represents  

t he  so lu t ion  f o r  t he  insulated tube,  and the  second and the  t h i r d  terms 

represent  t he  correct ion f o r  the heat  l o s s .  
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I n  a similar manner one obtains 

Thus there  i s  no appreciable e f fec t  of heat loss  on the  temperature of inner  

f l u i d .  If a and a/kl are small quantit ies,  a/k, = O(1) and the second order 

smal l  quant i t ies  are neglected, one gets 
-.A 

B f z ( l  + a) = 1 - a/(2kl) 

SAMPLE CALCULATION 
-a 

A s  examples temperature dis t r ibut ions of both w a l l  mater ia l  and air  have 

been calculated f o r  a s e t t l i n g  chamber of a hypersonic wind tunnel. Here 

three kinds of material are cons-idered as possible tube material f o r  such a 

wind tunnel: 

Dimensions of the t u b e  are : 

stainless s t e e l  (18cr -8~) ,  alumina br ick and alumina castable.  

* length of the tube 2 = 3 m 

inner radius of the tube R = 0.325 m 

thickness of the w a l l  d = 0.041 m 

so t h a t  a = d/R = 0.126. Uo was calculated from the  empirical re la t ion[4]  

f o r  t he  f u l l y  developed turbulent flow i n  a circular pipe where 

Re = 2RG/p, Pr = pcp/kf and p 

by mans of the empirical  formula [41 

Nu = 2RUo/kf, 

i s  the v i scos i ty  of air. U1 was calculated 



U1 = 0.929 cT2' R + d  - 'sy'25, kal/$ hr deg C 

where <T2> i s  the  mean value of the temperature of the  outer  surface of tube. 

Since <Tz> was not known a p r i o r i ,  it was determined by a trial and e r r o r  

procedure. Constants f o r  inner air are  given by Table 1, where l4 i s  design 

Mach number and P i s  pressure.  Constants f o r  the s e t t l i n g  chamber are 

given by Table 2, where (/x, T / t ,  and all dimensionless quan t i t i e s  are the  

mean values of four  which correspond t o  t he  four cases i n  Table. 1. The va r i -  

a t i o n  f o r  
--. _= 

A, L, and f2(1 + a)  f o r  these four  cases i s  l e s s  than 7 percent.  

Calculated temperatures of inner air and of inner and outer  surfaces of tube 

w a l l  a re  shown i n  Table 3 f o r  both i n l e t  ( c  = 0) and exi t  ( c  = fl)  except t h e  

temperature of inner  air  a t  in le t  which i s  equal t o  uni ty .  Since AT < 0.021, 

i n i t i a l  so lu t ion  was used f o r  the calculation. 

i s  highest  a t  inlet .  

method[ 31 where the  temperature of tube w a l l  w a s  assumed constant r ad ia l ly .  

The r e s u l t s  are included i n  Table 3 as 

The temperatux of tube w a l l  

This temperature w a s  a l s o  calculated by the former 

~ ( O , T )  and 6(0,~*). From equation (40) 

one obtains  
2 - a  

( 2  + a ) ( l  - a + a2) 
. T* = T 

so  that  t he  difference between 'q* and T i s  O ( a 2 ) .  It may be clear from 

Table 3 tha t  E ( T )  i s  grea te r  than S(q*) i n  the  amount of O ( a 2 ) .  Thus it 

could be concluded tha t  the thin-wall  approximation estimates the temperature 

of tube w a l l  higher than the  accurate value. From the  designing point  of view 

t h i s  overestimate i s  i n  sa fe ty  side.  

The temperature of inner air  w a s  a l s o  calculated by the former method 

f o r  5 = f l .  

cases. 

a l s o  confirm equations (50)  through (53) 

This agrees with the present result i n  three f igures  fo r  all 

It might be seen t h a t  Tables 2 and 3 This confirms equation (49).  
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The temperature d i s t r ibu t ions  i n  the tube w a l l  are presented i n  

Figs.  3 through 5 .  

decreases rap id ly  near the  inner  surface and then decreases gradually t o  the  

It w i l l  be seen i n  the r e f r ac to ry  materials temperature 

temperature of the outer  surface.  

CONCLUSIONS 

There is  an appreciable temperature gradient  i n  tube w a l l  even i f  the  

material of the tube i s  such m e t a l  as s t a in l e s s  steel. This temperature 

gradient  i s  very l a rge  i f  the material i s  such insu la t ing  r e f r ac to ry  materials 

-A 

as alumina br ick  and alumina castable,  i n  which case temperature decreases 

r ap id ly  near the  inner surface and then decreases gradually t o  t h a t  of ou ter  

surf  ace. 
-- . 

Temperature of tube w a l l  calculated by the  assumption tg&t t h i s  temperature 

i s  constant r a d i a l l y  i s  equal t o  the temperature of outer  surface of t he  tube 

i n  the  i n i t i a l  period, provided a/kl  << 1. It might be dangerous t o  use 

such temperature f o r  the design since the temperature difference between 

’ inner  and outer  surfaces i s  sometimes v e r y l a r g e .  
-_ 

Temperature of inner  f l u i d  i n  the i n i t i a l  period calculated by the  th in -  

w a l l  approximation i s  the  same as t h a t  calculated by the  assumption of 

r a d i a l l y  constant w a l l  temperature. 
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APPENDIX 

1. Derivation of equation (21) 

One has, from reference 5 ,  page 244, 

and from reference 5, page 129, 

--?-= . -- 

20 

(54) 

where F(p)  = L[f(cp)]. Combining these equations gives 

-4 

By the  convolution theorem, one obtains 

Since l / p  = ~ [ 1 ]  and 

one 

2. 

ge ts  equation( 21). 

Derivation of equation (25) 

One has, from reference 5 ,  page 245, 

p-'e*/P = X [ I ~ ( ~ - ) I  

Combining t h i s  and equation (54) gives 

. -  

By the  convolution theorem equation (25) i s  derived. 
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FIGURE CAPTIONS 

Fig. 1 

Fig. 2(a) 

Fig. 2(b) 

Fig. 2(c) 

Fig. 2(d) 

Fig. 2(e) 

Fig. 2(f) 

Fig* 2(g) 

Fig. 2(h) 

Fig. 3(a) 

Fig. 3b) 

Thin circular tube. 

Temperature functions at 5 = 0 :  F1 = 1, F2 = 0, GI = 1 - e -rr , 
-I, G2 = 1 - (1 + C)e . 

Temperature f’unctions at 5 = 0.01: F1(0.01,0) = 0.99005. 

Temperature functions at 5 = 0.03: Fl(O.03,O) = 0.97045. 

Temperature f’unctions at 5 = 0.1: F1(O.l,O) = 0.90484. 

Temperature functions at 5 = 0.3: F1(0.3,0) = 0.74082. 

Temperature functions at 5 = 1: Fl(1,O) = 0.36788. 

Temperature functions at 5 = 3: Fl( 3 ,O)  = 0.049787. 

Temperature f’unctions at 5 = 10: Fl(10,O) = 0.000045. 

Wall temperature distributions for stainless steel tube at inlet. 

Wall temperature distributions for stainless steel tube at exit. 

Fig. 4(a) 

Fig. 4(b)  

Fig. 5(a) 

Fig. 5(b) 

Wall temperature distributions for alumina brick tube at inlet;. 

Wall temperature distributions f o r  alumina brick tube at exit. 

Wall temperature distributions for aLumina castable tube at inlet. 

Wall temierature distributions for alumina castable tube at exit. 
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